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We investigate a Lie algebra-type K-deformed Minkowski spacetime with undeformed Lorentz 
algebra and mutually commutative vector-like Dirac derivatives. There are infinitely many realiza- 
£ — ■ tions of K-Minkowski space. The coproduct and the star product corresponding to each of them 

are found. An explicit connection between realizations and orderings is established and the rela- 
tion between the coproduct and the star product, provided through an exponential map, is proved. 
Utilizing the properties of the natural realization, we construct a scalar field theory on K-deformed 
■ Minkowski space and show that it is equivalent to the scalar, nonlocal, relativistically invariant 

field theory on the ordinary Minkowski space. This result is universal and does not depend on the 
, realizations, i.e. orderings used. 

1. INTRODUCTION 

' (— | '' 

One of the problems whose solution is still being sought involves how gravity and quantum field theory can be 
reconciled. The efforts to bring these two theories closer have resulted in many new developments in theoretical physics 
and mathematics. In this regard, noncommutative geometry appears as a promising framework for unifying gravity 
and quantum field theory. In order to accomodate for quantum aspects of spacetime, spacetime noncommutativity has 
been studied extensively [H , [3] j 0] i S ' H > an< ^ tw0 mam directions in the inv estig ation have focused on the canonical 
noncommutative spacetime and k- Minkowski noncommutative spacetime 0]- 32 1, respectively. 
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To describe the short-distance (Planck scale) structure of spacetime, there appeared a possible necessity for modi- 
fication of the existing symmetries. Specifically, it might require some deformation of Poincare symmetry and some 



arguments would suggest that the symmetries of the K-deformed Minkowski space should be described in terms of a 

in 



Hopf algebra For these reasons, it is of importance to classify noncommutative (NC) spaces and to investigate 

their properties. In order to make a step forward in this direction, we analyze a K-deformed Minkowski space which 
| is a simple example of a Lie algebra type NC space [33 1. 

Recently, a new motivation for studying K-deformed spacetime has appeared within the programme of the so-called 



doubly special relativity (DSR) [jj|,[l7j, which is a special relativity theory extended to include a second invariant 
parameter k, a parameter of mass dimension, besides the velocity of light. Also, K-Minkowski space serves as a 
playground for constructing a field theory on it and then discussing its physical properties. The attempts of this type 
have been undertaken by many authors Qj-fi^]. 

In K-deformed Minkowski space, the noncommutativity of coordinates depends on a deformation parameter a = — , 
Generally, this parameter can be considered as an arbitrary vector a in Minkowski space with all components different 
from zero. In Refs.j^] and 25 1, the most general deformation of the Euclidean space with the vector a in an arbitrary 
direction has been discussed. In the present paper we restrict to the case where only the time component of the vector 
a is different from zero. The dimensional parameter a = — has a very small value which yields the undeformed 
Minkowski space in the limit a — » 0. The NC coordinates and the generators of rotations form an extended Lie algebra. 
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The subalgebra which includes the rotation generators is the ordinary undeformed Lorentz algebra SO a (l, n — 1). We 
assume that Dirac derivatives mut ually commute and transform as a vector representation of the Lorentz algebra. An 
infinite number of realizations 24j , 25( of K-deformed Minkowski space is found in terms of commutative coordinates 



and derivatives. These realizations are parametrized by arbitrary invertible functions, with suitably imposed conditions 
leading to the undeformed Minkowski space in the limit a — > 0. Each such realization induces an ordering prescription, 
a coproduct and a star product associated to it. For a special choice of the parameter functions, some particularly 
simple realizations are obtained whose corresponding star products are known in the literature 24|. The choice of 
the particular realization in a way corresponds to a particular choice of gauge, so although K-Minkowski space may 
be realized in many different ways, physical results do not depend on concrete realization, i.e. ordering, as long as all 
commutators between NC coordinates and the Dirac derivatives are fixed. In the analyzis of /{-Minkowski s pac es we 
use the methods developed for deformed single and multimode oscillators in the Fock space representations 34|-[4o|. 
In particular, we use the methods for constructing deformed creation and annihilation operators in terms of ordinary 
bosonic multimode oscillators. Also, we employ the construction of transition number operators and, in general, of 
generators proposed in Refs. 35 1 . [3€* 



The crucial point emphasized in this paper is that NC spaces, particularly the K-deformed Minkowski space 
considered here, can be realized in many ways in terms of commutative variables and all these realizations are on 
equal footing with physical results not depending on the particular realization taken. For fixed deformed Heisenberg 
algebra, there is a one-to-one correspondence between the realization of NC space and the ordering prescription and 
for each such realization there exists a coproduct and a particular star product corresponding to it. In a recent paper 
[jot it was shown that a free scalar field theory on K-deformed Minkowski space can be expressed as a nonlocal, 
relativistically invariant field theory on the ordinary Minkowski space. The authors of the Ref.[i(J defined a special 
star product by using, from the very beginning, a particular "right" ordering prescription. In the present paper we 
also construct a free scalar field theory on K-deformed Minkowski space in terms of a particularly chosen star product, 
namely the star product corresponding to the natural realization, where the Dirac derivative is identified with the 
ordinary derivative. We show that the corresponding free scalar field theory on Minkowski space is particularly simple, 
nonlocal, relativistically invariant and does not depend on the realization/ordering taken, i.e. does not depend on the 
particular realization of 4-momenta and coordinates defining the related NC space. 

This paper is arranged as follows. In section 2.1 we review the results of Ref. 24j which are important for the 
investigations carried out in this paper, including the notions of K-deformcd Euclidean space, its realizations in 
terms of commutative coordinates, and the realizations of the undeformed rotation algebra SO a (n) compatible with 
k deformation. All these realizations are introduced in such a way as to retain the structure of the extended Lie 
algebra. They describe the Lie algebra type deformation of space where the rotation algebra is undeformed, while the 
corresponding coalgebra is deformed. The Dirac derivative and the invariant Klein Gordon operator, together with 
their realizations, are also introduced in this section. In section 2.3 we exhibit the one-to-one correspondence between 
the ordering precription and the type of mapping between the NC K-deformed space and the ordinary undeformed 
space. Here we also give the general BCH formula for the Lie algebra corresponding to the n type of deformation of 
space. In section 2.4 the notions of the T- operator and a star product are introduced. Knowing the star product in 
a given realization, the T- operator can be used to make a transition to another, equivalent star product. This new 
star product corresponds to a realization which is related to first one through a similarity transformation by the T- 
operator. In section 3, a derivation of the star product formula corresponding to the ip realization, introduced in 
section 2.1, is presented. The final result is identified with an important relation between the coproduct and the star 
product in terms of an exponential map for a given realization. This result can be extended to hold for a general Lie 
algebra. In section 4 all results obtained are continued to the Minkowski space with suitable modifications required 
to accomodate for a change in the signature. Here we introduce a particularly interesting realization, the so-called 
natural realization, discuss its properties and derive the star product corresponding to it. We then use this result to 
construct the free scalar field theory on the K-deformed Minkowski space and to show that it reduces to free, nonlocal 
scalar field theory on the ordinary Minkowski spacetime, no matter which realization of the deformed space is used. 
In constructing the field theory on K-deformed Minkowski space, the emphasis is on the star product corresponding 
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to the natural realization because it is the only one with this preferable property. After a short summary, there are 
two Appendices which refer mainly to the derivation of the star product, taking place in section 3. 

2. ALGEBRA OF «- DEFORMED EUCLIDEAN SPACE 
2.1. The mapping between commutative and noncommutative coordinates 

We consider a noncommutative (NC) space [2J| with coordinates x\, £2, x n , satisfying the following Lie algebra 
type relations: 

[ x fi, x u] — iC^ u \X\ — i(a u x u — a u x a ), (1) 

where a±, a2, ...,a„ are constant real parameters describing a deformation of Euclidean space. The structure constants 
are 

G^vx = a n 5 u x — a u 5 n x- (2) 

We choose a± = a% = ... = a n _i = 0, a n — a and use Latin indices for the subspace (1, 2, n — 1) and Greek indices 
for the whole space (1, 2, n). Then the algebra of the NC coordinates becomes 

[xi,Xj]=0, [x n ,Xi]=iaxi, i,j = 1,2, ...,n— 1. (3) 

There exist realizations of the NC coordinates Xp in terms of ordinary commutative coordinates xi, X2, x n and 
their derivatives di, 82, d n , where <9 M = j^—. A realization of the NC coordinates x M satisfying the algebra ^ is 

Xi = Xiip(A), 

(4) 

x n = x n ip(A) + iax k d k j{A), 

where A = iad n and the summation over repeated indices is understood. It is assumed that if and ip are positive 
functions obeying the conditions 

<p(0) = l, V(0) = 1, (5) 

The function 7 satisfy 

-V = 7-l, (6) 

where (p' = It is understood that the quantity 7(0) = ip'(0) + 1 is finite. In the following discussion we take the 
vacuum state to be represented by 1, i.e. |0) = 1, so that it is annihilated by all derivatives d^. 

Next we introduce the generators M M „, M^ v = —M vjl satisfying the ordinary undeformed SO a {n) algebra 

[M„ v , Mx P ] = SuxM^p - S^Mvp - SvpM^x + S„pM uX , (7) 

or in a more practical form 

\M lh M in \ = M m , 

(8) 

[M m ,M jn ] = -M i:i . 

If we want to extend the algebra to include the action of the generalized rotation generators Mn V on NC coordinates 



in such a way as to keep the Lie algebra structure, then we are brought to the unique commutation relations 20(, 24\ 



[M in , X n ] = Xi + iaM in , (9) 
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[Mi n , Xj] = —SijXn + iaM i: j, (10) 
that, together with © and 0, satisfy the Jacobi identities 

[M a p, [x^Xv]] + [Xp, [x v ,M a p]] + [x v , [MaptXp]] = 0, 



[M af l, [M jS , + [MyS, [St^Mafi]] + [St^ [M a p, Myg]] 



= 0. 



These are the necessary and sufficient conditions for the consistency of the extended Lie algebra with generators x\ 
and M^y. It may be noted that ©, ([TP]) have a smooth limit \M tlv ,x\\ = x^duX — Xvd^x, when — > 0. There are 
infinitely many representations of Mp V in terms of commutative coordinates x\, and their derivatives d\. If we require 
generators to be linear in x with an infinite series in d, then there emerge two families of solutions consistent 
simultaneously with the relations (J5J, © and (|10[) . One family is for -0 = 1 and the other is for -0 = 1 + 2 A. Here we 
focus our attention only on the first family which gives us solutions of the form 

M^ij x^ Oj Xj 9^ , 

M m = Xidnip **^ 1 - x n di± + iaXiA^ - iax k d k di^, (11) 
M m = -M in , 

where A = d k d k , 7 = ^r + l an d the summation over repeated indices is understood. This realization can be 
parametrized by an arbitrary positive function ip(A), <p(0) = 1. To complete the settings we are dealing with, it is 
natural to introduce the Dirac derivatives and an invariant operator □ as 

[M ltv ,Dx] = 8 v xD lt -8 li \D v , 

(12) 

[D^Du] = 0. [AV, □] =0, [□, x„] = 2D^. 
Realizations of the above operators in terms of the commutative variables have the form 

(13) 

D n = d n s -^+iaA^, 



Similar expressions for M M!y , D\, as given in Eas.(|li p -p4 p . have been obtained in Refs.[20(,[22|, but only for three 
particular choices of the function tp, namely ip = 1, ip = e~ A and ip = e A_ x ■ Now we calculate the commutation 
relations between the NC coordinates x^ and the Dirac derivatives D v : 



[Di,Xj] = Sij(~iaD n + y/1- cPD^Dp), 
[Di,x n ] = 0, 

(15) 

[D n ,Xi] = iaD i: 



[D n ,x n ] = y/l- a 2 D^D^. 

These relations are fixed by all previous commutation relations ([3"]).([8]).(pj)).(|10 p .(|12 p and they involve only the defor- 
mation parameter a. 
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2.2. Lebniz rules and the coproducts 

An important ingredient of the symmetry structure of K-deformed space are the Leibniz rules of generators of 
rotations and derivatives. For the case in consideration, the Leibniz rule for the rotation generators looks like 

Mij(f ■ g) = (Mijf) -g + f- (M^g), 

Mi n {f ■ g) = (M in f) ■ g + (e A f) ■ (M m g) + ia {d 3 -^-f) ■ (M^g), 
where /, g are functions of the NC coordinates x u . Similarly, we have the expressions 



D n (f ■ g) = (D n f) ■ (e- A g) + ( " V 2 „ n M " /) • (D n g) 

\ 1 - a z D k D k I 



1 - a z D k D k 



D l (f-g) = (D l f)-(e- A g) + f-(D l g), 

as the Leibniz rules for the Dirac derivative. 

The above equations for the Leibniz rules comprise the notion of coproducts. In the case of the rotation generators, 
the coproduct looks as 

AMjj = My (g) 1 + 1 (g> il^ j, 
AM,„ = M in <g> 1 + e A (g) M in + iaDje A ® My, 



while, in the case of the Dirac derivative, it is given by 



/ I o \ iaD n + \/l — o?D u D u 

AD n = Dn®{- iaD n + Jl - a 2 A A + " V 2n - M M 

V - l - a A D k D k 



D n 



. zaA + Jl - a 2 D u D f _ l 



AA = A ® - !'afl„ + \/ 1 - a 2 D a D li + 1 <g> A, (16) 



where e is defined as 



= -ioAi + \ 1 ~ a 2 D u D 



The final result for the coproduct depends only on aD n , and a 2 D^D u . In the limit a — > 0, it gives the ordinary 
undcformcd coproduct for M^, i.e. A, respectively. The notion of the coproduct leads to the observation that the 
generators of the K-deformed symmetry are elements of a Hopf algebra. The coproduct A, which we have determined 
for M uu and An extends multiplicatively to the whole algebra ISO a (n), which becomes a Hopf algebra in this way. 
Some examples of the Poincare invariant interpretation of NC spaces and of the twisted Poincare coalgebra were also 
considered in 



mm 



We note that from Eqs.(|4]) it follows that 

[di,Xj] = Sij<p(A); [di,x n ] = iadij(A) 
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[d n ,Xi] = 0; [d n ,x n ] = l. (17) 

The corresponding coproducts A v are 

a v (9„) = d n ® i + 1 ® a„ = ^ + 651, 

where = iao 1 ^ and similarly for A y . They are consistent with Ecis. fT!))) and (|13[) . At this point it is convenient 
to introduce a notion of natural realization, namely the (p realizations (UJ) are natural with respect to Eqs. (|17p . The 
natural realization is generally characterized by the reqirement = . 

Particularly, for the deformed Heisenberg algebra (HHJ), which is fixed in the case of the extended Lie algebra 
introduced in section 2.1, the natural realization is given by 



i^ at = x^l - a 2 d 2 - iC a ^d a , (19) 



with C ajlv d a — a a 5^iy — a^Sa^. 

2.3. The correspondence of mapping and ordering 

In this section we want to establish the relation between different realizations of NC space and different ordering 
prescriptions. In other words, we want to make clear that for each mapping of the form Q there exists an accompa- 
nying ordering prescripton. In the previous section we have introduced the natural realization which is seen as to not 
belong to the family ((¥]). For this type of realization of NC space there also exists one particular ordering prescription. 
In this section we shall establish the general form of the orderings corresponding to the family of realizations ((4|, 
while in the section 4.2, we shall deduce the form of the ordering prescription which belongs to the natural realization. 
To begin with, let us define the "vacuum" state 

|0>=1, D„|0 >= 0„|O >= 0, (20) 

then for a given realization of NC space, described by <p(A), there is a unique mapping from the set of fields f(x) 
of the commutative coordinates x^ to the set of fields f(x^) of the NC coordinates x^. This mapping £l v can be 
characterized as 

IV 1 : f(£) — > U( x ) such that /(^v)! >= U( x )- ( 21 ) 

The fields or functions on NC space are conveniently introduced through the Fourier transform 

f(x) = [ d n x Uk) : e 4fc ^ (22) 



where :: v denotes the ordering that corresponds to the realization ^ of NC space, parametrized by the function ip. 
The way in which this correspondence is realized will be made clear from the following consideration. Thus, to make 
a connection between the particular realization of NC space and the corresponding ordering prescription, we impose 
the requirement on the ordered exponentials 

: e lk -^ : v |0) = e lk ' x , (23) 

appearing in the expansion (|22p . For example, we have the following expressions for the left, right and symmetric 
ordering prescriptions, respectively: 

. Ah a x a . _ ik n x n ihiXi ik n x n -\-ikiXiips{—a J k n )e~ akrl 
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. pihcxXa . = pikiXi ik n x n ik n x n -\-ikiXi(ps{~ak n ) 

. e ik a x a . s= e ik a x a _ ( 24 ) 
In the above relations we have introduced the function 

where A — iad n = —ak n . Let us first consider the left ordered Fourier exponential. What we are interested here 
is to find the realization (0} for which this left ordered exponential will satisfy the requirement (|23p . Because all 
realizations are of the form ([4|), this basicaly reduces to the problem of finding the correct function ip. It can be 
easily shown that for the left ordering this function is ip = e~ A . By taking the same reasoning for the right ordered 
Fourier exponential, we end up with the function <p — 1 as the one that defines the mapping Q for which the right 
ordered exponential satisfies the requirement (|23[) . In exactly the same way, the symmetric ordering is specified by 
the function ip = ips- There is also a family of ordering prescriptions, interpolating between left and right, namely, 

. „ik a x a . i\k n x n AkiXi Ail — \)k n Xn (rict\ 

: e -c— e e e y ' , 

which corresponds to the realization characterized by the function ip = e~ XA . For A = 4, this ordering prescription 
coincides with the one used in [2^ ] . Generally, for the ordering prescription corresponding to the general mapping ^ 
with the function ip, we have 



: e ik ^ : v = e ikA+ikiii . (27) 

It is clear that (|2T|) incorporates all special cases for the left, right and symmetric ordering, as well for the case 
(|26|) . respectively. 

Thus, the above consideration has shown that for each mapping, here specified by the function ip, there exists 
a particular basis : e tk ' Xv of the ordered Fourier exponentials. That is, for each mapping there is a particular 
ordering prescription with the mutual correspondence between these two notions provided through the requirement 
(|2"3")) . The aforementioned correspondence can be looked upon from a slightly different point of view. In respect to 
this, one can consider a more general form of the relation (|23[) . namely, 



| ) = e «W x , (28) 



where K~*(k) is the function defined in (|54|) and has the momentum k as an argument. In this expression, one can 
change realization of NC space as well as ordering prescription simply by changing the functions tp, respectively. 
By doing this, the requirement (|23[) will be fulfilled only after the changes in realization and ordering meet each other, 
i.e. it will be satisfied only when ip = x- 

The relation ([2T]) can be deduced from the BCH formula for the K-deformed Lie algebra type of NC space 

£ ik a x a e iq a x a _ e iD a (k,q)x a (29) 

where 

T) (h n\ — h 'fisj-akn ~ Qgn) <f S ("^n ~ Wn) ,- afcn 

u i\<^^ 1) — R>i -, ; — ^ r qi -, : e , 

ps(-ak n ) ps(-aq n ) 

T> n {k, q) = k n +q n , (30) 
and from the defining relation for the generalized momentum addition rule fc q which reads as 

. „ik a x a . . iq a x a . — p i(k®q) a x a . /oi \ 
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Inserting the relation (|27|) into the relation (f3Tj) and using (|29| . (|30| . we get 

ip{-ak n ) ip(-aq n ) 

(k <B q) n = k n + q n . (32) 

We see that the generalized momentum addition rule (|32|) is fully in agreement with the coproduct A V (9 M ), obtained 
in the previous section, relation (fig)) . Precisely, if we set fc = — idi, q = —idi, then (fT5|) and (|52"j) can be related as 

2.4. T- operator 

Now we introduce a star product in a given (^-realization in the following way. As in the previous section, we define 
the "vacuum" state as 

|0>=1, £ M |0>=cgO>=0. (33) 

and introduce the unique map Q v which, for a given realization described by <p(A), maps the commutative algebra 
of functions f{x) into the noncommutative algebra of functions f(x^). The map Q v can be uniquely characterized 
by 

Q v : f(x) — ► f(x v ) such that f(x v )\0 >= f(x). (34) 

If we now have two functions f(x), g(x) of NC coordinates, make their product f(x) ■ g{x) and ask which function of 
commutative coordinates this combination belongs to (through the mapping Q v ), we arrive at 

(/ * v g)( x ) = /(^).9(£ v )|o f(x<p)g( x )- ( 35 ) 

By this expression the star product in a given ip realization is defined. This product obviously depends on the 
realization ip. Generally, the star products belonging to two different realizations tpi and ip2 can be related to each 
other by the so-called T- operator that identifies a class of equivalent star products. Thus, the T- operator can be 
characterized by (see for example Ref.j^]) 

T(f(x)* Vl g(x)) = T(f(x))* V2 T(g(x)). (36) 



In Ref.[22| T operator has been obtained by relating the cases for <p = e~ A and tp = 1 to that for <p = A , 
corresponding to left, right and symmetric ordering, respectively. To deduce its explicit form for the case of k- 
deformed spaces, we take advantage of the following identities: 

Xi * v f(x) = (x v )if(x) = xnp(A)f(x), 

(37) 

x n *<p f(x) = {x v ) n f(x) = [x n + iax k d k j(A)]f(x), 
together with the obvious property T{x{) = Xi and T(x n ) — x n . We can now proceed as follows: 

T( Xi * v J(x)) = T( Xi )* V2 T(f(x)). (38) 

By using (|37|) . we have 

T{xnp 1 {A)f{x)) = Xitp 2 (A)T(f(x)), (39) 

implying 

dT\ 

XlT+ d&) ^ l(A)/( - T) = *m(A)Tf(x). (40) 
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Since ([40)) holds for any function f(x), it reduces to 



which integrates to 



xMA)-MA))T = -^cp 1 (A), (41) 



T = lim e K*im- l J =: e^V^^J :, (42) 

where the symbol :: has the meaning of the usual normal ordering with the variables xi coming to the left with 
respect to the variables di and should not be confused with the :: v used before. The solution (|4"2"| also satisfies the 
equation 

jj- = iax k d k { l2 (A) - 7l (A))T, (43) 

stemming from the condition 

T(x n * v J(x)) = T(x n )* V2 T(.f(x)). (44) 
Using the formula (|A. 5P from Appendix A, we can easily find the inverse of (|42[) which reads 

T- 1 = : e X48, (w$ _1 ) : . (45) 



1. inverse operator, 



If we introduce the notation T\, 2 = T =: e 1 'v V2(/1) / :, we can summarize the properties of the T— operator as 
follows: 



T^ = T 2tl , (46) 

2. transitivity, 

Ti l2 T 2)3 = Ti l3 . (47) 
Finally, using Eq. (|A. 1T[) in Appendix A, we can write the operator T, Eq. (|42"f . as 

1 = e ?i . (48) 
It is important to note that we can represent x in terms of two representations ipi{A) and ip 2 (A) as 

x, ; = (x^.tp^A) = (x 2 ) i (p 2 (A), 

(49) 

Z» = {Xl) n + ia ( x l)k( d i)kll( A ) = i x ^)n + ia ( x *) hi 9 *) k^{A) , 
where for the transformation of the coordinates we have 

( x 2)j = T^ 1 (xi) i T — ( x i)i~7TV' (50) 

f 2 (A) 

(x 2 ) n = T- l { Xl ) n T = ( Xl ) n + iafaU^MA) - 72(A)). (51) 
Similarly, for the transformation of the derivatives, it follows 

(d 2 ) l = T-\d 1 ). l T=(d 1 ) l ^§-, (52) 

fi(. A ) 

(d2) n =T-\d 1 ) n T=(d 1 ) n . (53) 
Generally, one can introduce a mapping : R n — ► R n , transforming the vector d Vl into vector d V2 , 

d V2 =T- 1 d 9l T = K%(d Vl ). (54) 
Because of the transitivity property of the T— operator, the composition of K functions satisfies the relation 

K%K%=K%. (55) 
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3. DERIVATION OF THE STAR PRODUCT CORRESPONDING TO THE ARBITRARY ORDERING 

PRESCRIPTON / MAPPING 

We now proceed in some detail to find the star product for K-dcformed space, corresponding to the particular 
ordering :: v . It can be deduced from the defining relation (|36[) . starting from the expression for the left star product, 
which is known from the literature as 



f(x) * L g(x) = \im e*< 9 ^e- iaB "-Vf(y)g(z) = lim d ^f(x)g(y). (56) 

y * x y — >x 

z—>x 

Thus, from T(f(x)* L g(x))=T(f(x))* v T(g(x)), it follows 

(f* v ~9){x) = TiT^f+L T- l g), (57) 

where / = Tf is introduced. For simplicity, in due course, we drop the symbol ~ from the functions and by using 
the relations (JH]), (H5")) and (|56p . we arrive at 



U* V 9){?) = lim e ^( v (A w)e ^-i) Hm e ^a|(e-^-l) x 

w— >x z— >w 

x lim e^^'dro- 1 ) Hm e^i^' 1 ) f( u )g(t), (58) 

3n A r = ia-rp- 

^ ox 

Eq. (|A. 5j) to yield 



t->y 

' i'l .V ■ 



with the abbreviation A x — ia-J?— : etc. The second and the third term in (JSSJ) can be contracted with the help of 



(/*«, <?)(*) = Hm e ^^( v (^)e^-i) . e ^a|(e-^-i) .. e *i^(^-i) . 

ttf — *X 

lim KfelH 1 ) f(u)g(t) (59) 

= lim e ^( V (A w )e^-l) . e N(e- A y^-l) . Um ^fl* (f^-l) /( ^ ^ 



hm e ^( V {A m )e^-l) Um ^-^(e-^^-l) lime »^(tT^7-l) /(u ) 3W . ( 60 ) 
w^x u^w t^y 



If the obvious relation <p(A w ) limt^y f(t) = limt^j, ip(At)f(t) and the similar one (|B. lj) derived in Appendix B are 
applied to the second and the third factor in (f60|) . we get 

(/**<?)(*) = Hm e^T(^)e^-i) Um e ^ a r( e ^ t ^- 1 )e^ 9 Kt(^7- 1 )/( u ) 3 ( i ) 

— >X u ' rW 

t—*w 

= lim lim e ^^'+^)( V (^ + AOe^+^-i) e ^^(e-^^-i) e ^Oj(^-i) /(u)gW _ (61) 



w^x u^w 
t — >w 



Here we can again use the equivalent representation of the factors in (|61|) through the normal ordering (not to be 
confused with :: ip ) and apply (|A. 5[) to obtain 

(/*„ g){x) = ( lim e ^;(#„ + A t ^ + ^i) e ^;(^ A '^-i)j C e ^ a K^^+^)^ + ^-i) e ^^(^-i)\ /(u)gW 

V t— >x / V t—>x / 
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=: e^l^Pnn !J :: e N { V (A t) e -ij . /( u ) fl (t) = lim e*'^ V lime jd H «M) e 1 ) f(u)g(t). (62) 

u — >x t — *x 

Since the factors in (|62p commute, we finally obtain the star product in the tp realization (i.e. in the ip ordering) 

_ gu,( y(A M +A t ) .\ , at I v(A u +A t ) A u ,\ 

(/*^)(a)=|me ,t)8 n-TO ^"'M ^ e -1 J f(u)g(t). (63) 

ft should be noted that the coproduct stemming from this result for the star product completely coincides with the 
relation (13"2")) and the coproduct (Tig]) . We stress here that the result (|6"3"|) is the special case of the more general one 

(/ * 5 )(x) = Urn (jl (e^ A - A °^f(u) ® , 9 (y)) , (64) 

1/— >X 

where Ao(<9 M ) = c^<&l + l<8>c^, A(<9 M ) is given in (|18p and /i is the multiplication map in the Hopf algebra, namely, 
fi(f(x) <?(a0) = f(x)g(x). The relation (|6"4")l can be extended to hold for a general Lie algebra. To end this section, 
note that generally, in view of Eqs. (j3Tj) and (|35|) . the star product * v satisfies the relation e lk ' x -k v e lq ' x = e l ^ k ® q ^' x , 
with fe © g defined in (J32J). 

4. TOWARDS THE SCALAR FIELD THEORY ON k-DEFORMED SPACE 
4.1. fi>deformed Minkowski space and the natural realization 

All results obtained so far are derived for the case of the Euclidean metric. They can be easily extended to Minkowski 
space. It is only about the change in the definition of the momentum 

P =id , Pi = -idi, i = l,2,...,N-l, (65) 

in order to satisfy 

[P f i,x u } = -ir)fiu, fJ,,v = 0,1,... ,N-1, (66) 

Vfiv = diag{— 1, +1, +1, +1), while the algebra of the variables x^,d v remains unaltered, 

[d fl ,x v ] = 6 l , v , ll.l V !. (67) 

Accordingly, the commutation relation describing K-deformed Minkowski space casts into 

[xi,Xj]=0, [x ,Xi] = iaxu i,j = 1, 2, N — 1. (68) 

The star product (|63[) on K-deformed Minkowski space also remains unchanged, except that A x now stands for 
A x = iadQ. It is important to stress that the deformation parameter a appearing in the above commutation 
relation is not the same as the one we were dealing with when we considered the Euclidean space. They are related 
as a n = ioo, where a n is the old deformation parameter and ao is the new one. For simplicity, we remove 
the index of it, but in all subsequent consideration one should keep in mind that it is the time component of the 
n- vector in Minkowski space and that it is real. The interchange a n = iao, together with the whole set of relations 
x n = ixo, D n = —iDo, Mi n = —iM^ provides the consistent transition from Euclidean to Minkowski space. 

Among all mappings that realize K-deformed Minkowski space, there is one of special significance because, unlike 
the general mapping (|4j). it is covariant. It has some interesting properties and is introduced in a natural way by 
identifying the Dirac covariant derivative with the ordinary derivative = d^. This special kind of realization 
has already been introduced at the end of section 2.2 through the mapping (|19p to which we have assigned the term 
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natural realization. Since we are interested in this kind of realization with respect to the deformed Heisenberg algebra 
(dHJ), according to (fTijj) . we have 



[d^x* at ] = S^i-iado + ^Jl + a 2 d 2 ) + ia5^d v , (69) 
yielding the following realization of the noncommuting coordinates: 



at = x^i-iado + ^l + a 2 d 2 ) + laxodf,. (70) 

Thus, in the following (f70j) will be referred to as a natural realization and it will be understood that it is natural 
with respect to the deformed Heisenberg algebra (fT5j) . We recall that (fT5|) is fixed since it is a part of the extended 
Lorentz algebra (see section 2.1). Note that the mapping ([70]) is not incorporated in the set of realizations f4j). The 
properties of the natural realization are expressed in a most convenient way if the Dirac covariant derivative (|13|) is 
associated with the momentum P^ on K-deformed Minkowski space, 



Pf = -iDi = -id, 



(71) 

P<f = iD = id s -^ + aA|4 = i sinh(afco) - ak 2 ^- 



where fco = ido, fcj = — i<9;. This association can be regarded as a map between the algebra of fields on noncommu- 
tative K-Minkowski space and the algebra of ordinary fields on Minkowski spacetime equipped with a star product 



2Jj,[25|. The special case when (p = 1, which is the case of right ordering, was considered in [30(. Since the map (fTTj) 



is fully specified by its action on plane waves, it can be looked on as if it mapped ordinary Minkowski plane waves 
e ik a x a j.q pi ane W aves : e tP c( k ) xa ■ on K-deformed Minkowski space, P : k P(k), with P(k) given by (fTTj) . 
The natural realization has a property 



e 



* Q£ Q ° |0) =e iP ° (fe)3; ", (72) 



where P^ is the momentum (|7ip evaluated for <p = ips, i-e. corresponding to symmetric ordering. From this and 
the relations (fTTj) it is easy to calculate the following expression: 



: e 8fc ^ : p |0) = e H - K0X ° ™ -?i=Sor^|0) = e lK ?W^ |0) = e 1 ^' W x «, (73) 
' , - - u,^^^) and given in HZIJ. The function /^( 



with K v (k) = (fco, fcj <Ps ^ \ ) and given in (fTTj) . The function K v (k) is an example of the map introduced in 



4.2. Free scalar field theory on K-deformed Minkowski space 

The natural realization appears as a particularly convenient one for constructing the field theory on noncommutative 
space. The reason for this is that it enables one to recast the action belonging to an algebra of functions whose product 
is a noncommutative star product into the action expressed entirely in terms of usual pointwise multiplication between 
two functions. We shall see that although the construction that is to be made requires one particular noncommutative 
star product on an algebra of functions, namely the one which is related to the natural realization, the realization of 
the NC space alone is not important at all. In other words, the realizations of 4-momenta and coordinates on NC 
space are not important in constructing the noncommutative field theory action. The final result, obtained from the 
original action by virtue of the properties of natural star product *tv, will be cast into the form of the nonlocal, 
relativistically invariant field theory whose action is expressed in terms of usual pointwise multiplication of fields 
and has particularly simple form. This result is the same regardless of the particular realization used to represent 
4-momenta and coordinates on NC space. 

So far we have seen that each realization of NC space was related to some specific type of the ordering prescription. 
The same situation as well appears to be true in the case of the natural realization. As was the case with the 
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realizations ([4]), where the corresponding orderings are expressed in terms of the exponentials of the type 

, e ik a x a . _ e -ik xo+ikiXi y / ( j, a ff ^ 

(The relation (f?4")) is the same as (|27p. the difference being only in the signature adjusted to hold for the Minkowski 
space) the similar connection can be found for the natural realization either. In fact, it can immediately be deduced 
from Eq. (|T2[) by rearranging it to obtain 

e ^ s )" 1 W-^ <it |0)= e *-. (75) 
In order to specify the function (P s ) 1 , appearing in (|75[) . we once again write the relations (I7T|) . 

P? fc " 



1 <p{ak ) ' 

P o = a sinh( a fc ) - afc 2 2 ^° n *° o) . 
By inverting them for the case when (p = (ps, we obtain the required quantity (P s ) 1 in components 

(P 5 ) -i ( p ) = i lna a±^H ) 



(76) 



(77) 



The expression (|75[) . together with (|77[) . defines the ordering prescription corresponding to the natural realization. 

We now turn to the notion of the star product corresponding to the natural realization. This star product, for 
which we adopt the designation *jv, is characterized by the property 

e iP ,(, (k)-x irNe iP*(q)-x _ e ipv(feeg)-a ; (7 8 ) 

where 

uns (u j i <p{ako+aq ) <p(ak + aq ) ak \ 

k®q=[k + q , h — — h qi - r e (79) 

V tp(ako) ^(aqo) J 

is the generalized rule for the addition of momenta and P v is defined in (|TTj) . It is understood that the quantity 
k © q is taken in the <p realization, although it is not specificaly indicated. The relation (|78[) will have a crucial role 
in our construction of noncommutative field theory. From the definition of the inverse 4-momentum fc©fc _1 = (0, 0), 
if k — (fco, k), then we have 

fc" 1 = (-ho, -h^^e-^) , (80) 
V ipyako) J 

k~ 1 ®q = (-ko + <7o, (-^^) + ^(-ako + aq Q )e- ako ^j . (81) 

In the calculations that follow, we adopt the Hermitean conjugation property 

Let us now derive the relation (|78[) which encloses the property of natural star product important for our construc- 
tion. Utilizing Eqs. (l3"Tj) and ([73]) . we have 

e iP^(k)-x^ Ne iP"'(q)-x 
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■ v 10) 



(83) 



thus completing the proof of ([75)1 . In the second line of the derivation (|83[) , we have applied Eq. ([73]) , while in the third 
line we have used the property (|31|) satisfied by the generalized addition of momenta (adjusted for the Minkowski 
signature). Finaly, in the last line, Eg. ([73]) is used again, but in a reverse direction. 
The result ([78]) can be further used to derive the identity 



(Tx^ (x)* N ip(x) = / d n x(j)*(x)^l + a 2 d li d^{x), 



(84) 

which provides the transition from the integration of the star product of two fields to the integration of the ordinary 
product of fields. To prove it, it is sufficient to show that it holds for plane waves 4>{x) = e lP 00 ip(x) = e lP 
Thus, from (J78J) and ([82]) we have 



d n x(e iP ^ k > x ^* N e ipv ^ x = J d n xe ipv ^ 1<sci > x = (27r) n S (P^k' 1 © q)) 5^ ^P v (fc _1 © <?)) . (85) 
In order to perform the calculations on the right-hand side of (|85p . it is convenient to introduce the quantities 

(86) 



V£{k) = -i cosh(afc ) + afc 2 , 



P| = P£ ± 



(The first quantity in ([86]) should not be confused with the Euclidean counterpart P n = iPo of Pq. ) It is now 
straightforward to obtain the following expressions: 



p; 



fei 



-ag 



aqo) ^(afco) 

^(^ 1 ©9) = ^inhHo-«fco)-f(^y „ 



fc 1 g-afeo — aq 



(87) 



When they are combined with ([76"]) . we get 



_ p^(fc)pf ( g )-pf (fc)P^( g ) 



P v (A;- 1 e (? ) = -a 



P?(fc)iff(?) - WW - Pf^Pfik- 1 © g) 



(88) 



Since the expression ([55)) vanishes for P v (fc 1 © q) ^ 0, the last term of P${k 1 © g) in ([55)) drops out and we are 
left with 



P*(k)P*( q )-PZ(k)P*(q) 



1 



2a 2 P^{k)Pf(q) 



Pl{qf - P»(kf + a 2 (P£(k)P*(q)) 2 - a 2 (P*(q)P* (k)f 



(89) 



where use has been made of the identity 2Pq = Pf — a ^ p ^ + From the same argument as before, the last two 
terms in ([89| cancel each other, leaving us with 



(2Tr) n S^ (P^(fc- 1 eg)) = (2n) n 6 -a 



pugy-pm 2 



2a 2 P£(k)P*(q) 



5(Pm)-PHq)) 



pT(fc) 2 +PTfa) 2 r \ 

2a 2 P%(q)P*(kf \ > 



.§(n-l) I ppr s _ P +(g) 
' W Pf(fc) 



P^(fc) 



15 



= (2n) n aPf(q)S(Pf(k) - Pf(q))S^ (>(g) - P*{k)) . (90) 

Here, in calculating the above expression, one zero of the function in the argument has been rejected due to the 
requirement that P£ < 0. This condition is obvious from the form of Pf in {87}. Since the final goal is to express 
the result in terms of Pq and P v , we perform the following computation 



5(P*(k)-P*(q)) 



2a 2 P*(k) 2 



Pv(fc) 



\Pl(q)\ 

\n{q)\ 



6(Pf(k)-Pf(q)) 



(91) 



where use has been made of the relation V%(k) = iPf(k) 



2a 2 P£(k) 



2p*%\ ■ Inserting (J5TJ) in ([TO]), we get 



(2n) n S^ (P^AT 1 © g)) = (2*) n a\P*(q)\8 (Pg(q) - Pg{k)) 6^ (P*(q) - P*(k) 
and it can be recognized as 



(92) 



(27r) n a\V^ q )\S (P<f (g) P*(k)) 6^ (P*(q) - P«{k) 
Finally, the result we have obtained is 



d n x(e ipV ^- x Y\V^(q)\e ip,p ^- x . (93) 



(94) 



In the last step, we have utilized the identity a\V%\ = \/l — aPP'P 2 = y/l + a 2 D^D^ and the fact that we are 
working in the natural realization where = d^. This proves the relation (|84[) which is a generalization of the 
integral identity found in 30( . Here it was proved by starting from the general ordering prescription characterized by 
the function ip, in contrast to Ref. 30] where the same relation is obtained by starting from some particular ordering 
prescription, namely, the right one. 

We can now look upon the action for a free massive scalar field on noncommutative K-deformed Minkowski space 



(fx 



I 4. 777 

-(d^)h N (d^)(x) + —<j>U N <t>(x) 



(95) 



The construction of this action is based on the star product corresponding to the natural realization. At this place 
we point out that the action (|95|) is K-Poincare invariant. Namely in the natural realization, where = d lll the 
Dirac derivative is a vector under Lorentz algebra and the coproduct Ajv(-D^) transforms in a covariant way 



251 ] . This coproduct (for the Euclidean case) is given by 



Ajv(^) = Dp ® Z- 1 + 1 ® D„ 



L D X Z ® D\ — -^DZ ® (ia x D x ), 



where 



Z- 1 = -ia x D x + \/l + a 2 D\D 



\ ■ 



(96) 



(97) 



The last equation represents an invariant shift operator 25J. From expressions (see Eq. (|64p ) 

(f*N9)(u) = ^e u ^- A «^(f ® g)(xj) 



and 



e ik - x * N e iq - x 



iA N (k,q)-x 
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we conclude that *jv product in natural realization (where D M = <9 M ) is noncommutative, nonlocal, but K-Poincare 
invariant. Hence, the star product *jv of two scalar fields is scalar with respect to K-Poincare symmetry. Similarly, 
from the same argument, the term D^-kjyD^fj) is also invariant under the action of K-Poincare symmetry. As a 
consequence of these consideration, we conclude that the action (|95p is invariant under the Poincare algebra (see also 
Eq. (|84p ) and K-Poincare symmetry. 

A few comments are in order regarding expression (|95|) . Considering the action (|95|) or the expression |94|) obtained 
by spliting (|95j) to Fourier components, we see that the construction of the action can be basicaly taken along two 
different routes. The first one keeps the realizations of 4-momenta appearing in (|94[) fixed, while simultaneously chang- 
ing the ordering prescription which the star product should be associated to. The second route is based on choosing 
the convenient ordering prescription with its accompanying star product and keeping it fixed, while simultaneously 
changing the realizations of 4-momenta appearing in the exponentials of (|94[) and used to define K-Minkowski space. 
Here we adopt the second approach, where we choose the star product corresponding to natural realization and keep 
it fixed. This realization of the deformed space has special properties which enable us to cast the theory described 
by the action (|95p in a form which is easier to handle and which is closer in form to theories we know how to deal 
with. With the help of the identity (|54"|) relating the integration of the star product of fields to the integration of the 
standard pointwise product of fields, the action ([93)) can be cast in the form 



S = d 4 x 



(98) 



This shows that the free scalar field theory on K-deformed Minkowski space is equivalent to a nonlocal, relativistically 
invariant free scalar field theory on Minkowski spacetime. Also, we see that once the ordering prescription together 
with its noncommutative star product is chosen and fixed, the resulting action f|98[) is the same, independent of the 
"gauge" function <p, regardless of the realization of 4-momenta in the corresponding NC space. Although the theory, 
through the square root, has higher derivatives, thus being nonlocal, it poses no significant physical effects as long as 
the interaction is not included. Particularly, we expect that there will be no new poles leading to the problems with 
unitarity. However, at the quantum level one would come up to the necessity for the change in statistics, causing the 
situation to be more complex. 

It is worth mentioning that the K-type of the space deformation can also be approached on the basis of an alternative 



general treatment 43( of twists with the star products. This includes the investigation of the particular type of the 



map, deforming the commutative subalgebra into a noncommutative one. The deformation map of this kind has 



already been applied [43( to yield the n-dimensional Moyal plane, as well as the Manin plane. 

At the end, let us make some comments. In the present paper, we have started from the K-deformed algebra ([3]) 
and considered its extension to the extended Lorentz algebra where we have included the generators of rotations and 
the covariant Dirac derivative D^. The requirement that the Lorentz algebra is undeformed caused the deformed 
Heisenberg algebra (fT5|) to be uniquclly determined. For this deformed Heisenberg algebra there exists a unique 
natural realization, specified by the requirement = d^, and given by the relations p9[) . i.e. (|70[) . There is 
also a unique ordering prescription corresponding to this realization. It was refered to as a natural ordering and it 
was specified by (1751) . We were also found the coproduct and the star product *jv corresponding to the natural 
realization. The star product *jy has been shown to obey the relation (|78|) which implied the following property of 
★at to be satisfied 

<Px<t>l{x)* N i) v (x) = J d n k4>*(k) J d n qi>(q) J d n x(e iP ' e{ - k > x ^ * N e iP *^ x 
= I d n k 4>*(k) [ d n q #(q) [ d n x : e**- 1 -* 1 ™ ^ e lq - ±Nat : v |0) = / d n x cf>*Jx) X (d) ^(x), (99) 



where, according to (|84p . the function \ is x(9) = vT+ a 2 d 2 . In writing the Fourier expansions of the fields <j> 
and tp, a particular realization ip of NC space was used, but the final result, i.e. the function x does not depend 
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on the realization <p. In the steps undertaken in (|99|) (which are, in fact, concise summary of the calculations done 
earlier in the paper, see particularly Eqs. ([75)l . ([551) and the consideration after that), we have utilised the following 
field expansion 

4> v (x) = J d n x4,(k)e lP ^ k > x . 

It is consistent, through the relation ([75]) . with the Fourier expansion 

</> v (£) = J d n x4>(k): e lk - & : v 

and the relation <f) v (x Nat )\0) = 4>^ at (x) = <j> v {x). 

It is important to emphasize that we could equally well start our consideration from an arbitrary deformed Heisen- 
berg algebra 

[D M ,&u]=<p la ,{D), (100) 

where ip^ is some function compatible with the commutation relations (1), and take the same steps as those 
performed for the algebra (|15p . We would also find the unique natural realization (characterized by = and the 
mapping x^ at = x a (p Qfl (d) which has to satisfy the commutation relations (1)) and natural ordering corresponding 
to the algebra IjlOOp . There would also be a coproduct and a star product *n which could be associated with (|100p . 
One would find that the specific property of the star product *tv, corresponding to (llOOj) . is also enclosed in the 
identity except for the fact that the function \ now has a form appropriate to the case in consideration. 

The adventage of our approach is in a simple construction of K-Poincare action using the notion of natural 
realization. This route of consideration has an advantage that it provides a direct way for constructing any k- 
Poincare invariant action. The Dirac derivative D^, Eq. (|13p . transforms as a vector and the right hand sides of 
the commutation relations (f5|), (|10[) and (fT5|) have covariant form. Hence, the coproducts A(D^) and A(M M!y ) 
have also covariant forms under K-Poincare symmetry. Thus we have that starting with generators of undcformcd 
Poincare algebra, the right hand sides of (|gj). (fTU|) and (fT5|) and the corresponding coproducts A(Z) /J ) and A(M flv ) 
are covariant under the twisted Poincare symmetry. 



In papers [2Cj , [26| , [27J the symmetric realization corresponding to symmetric Weyl ordering was used, but therein 



A(£> M ) and A(Af p „) are given by Eqs. (fTTj) . (fT5|) with ip(A) — c ^ whereas in our approach, which uses the notion 
of natural realization, and M^ v have particularly simple form [25[ , namely D^ — d^ and M^„ = x^dv — x^d^. 
Hence, both realizations are covariant and equivalent. In analogy with the gauge theory they correspond to different 



covariant gauge conditions. Finaly, in contrast to 20(, 2JJ, where the deformed Klein-Gordon operator has the form 



□ + to 2 = -%(1 — \/l — a 2 D 2 ) + to 2 , we take the simplest possibility for the Klein- Gordon operator by choosing 

□ + to 2 = D 2 + to 2 . The physical consequences of this approach are still under investigation and will be reported in 
near future. 



5. CONCLUSION 



We have constructed K-deformed noncommutative space-time of the Lie algebra type with undeformed extended 
Lorentz algebra and deformed coalgebra by realizing noncommutative coordinates, generalized derivatives and gen- 
eralized rotation generators in terms of the commutative coordinates and their derivatives. The coproducts of the 
generalized rotation generators and of the Dirac derivatives, respectively, have been identified. A unique correspon- 
dence between the particular realization of K-deformed space-time and the corresponding ordering prescription has 
been found. For fixed deformed Heisenberg algebra (f]~5|l all these realizations of k- deformed Minkowski space are of 
equal importance, none of the realizations is preferable to the others, implying that physical results do not depend 
on the particular realization chosen. Accordingly, the choice of the ordering prescription or the choice of a particular 
realization is analogous to the situation in gauge theory where a particular gauge is chosen. We have found the 
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expression for the star product on K-Minkowski space corresponding to an arbitrary "gauge" function tp defining 
the realization. This result is related to the important relation between a coproduct and a star product in terms of 
an exponential map. 

Although all realizations are on equal footing, for constructing a field theory on K-deformed Minkowski space, 
we have used a particular realization, the natural realization, which is not contained within the set of realizations 
parametrized by the "gauge" function <p, but which was shown to have some preferable properties that have enabled 
us to reduce the original field theory on K-dcformed space to the nonlocal, rclativistically invariant, scalar field theory 
on Minkowski space-time. The result of this reduction has also been shown to not depend on the realization/ordering 
taken for K-Minkowski space. Thus to conclude, there is one particular noncommutative star product on the algebra 
of functions, namely the one that corresponds to the natural realization. Once this star product is fixed, the realization 
of NC space alone is not important, i.e. changing the realizations of 4-momenta and coordinates used to define the 
K-Minkowski space does not influence the final result for the action. The line of consideration which is carried out 
here may appear useful in 2+1 dimensional models of quantum gravity where the corresponding Lie algebra is SU(2) 
or SU(1, 1), 44|. Another possible route for future investigations is to consider other noncommutative space-times. 
We believe that the line of analysis presented here is applicable to other noncommutative spacetimes, particularly 
those of Lie-algebra type. 
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Appendix A. DERIVATION OF SOME USEFUL IDENTITIES I 



Here, we shall derive some usefull identities that are used in calculations taking place in sections 2 and 3, where 
the T-operator and the star product corresponding to ip— realization of K-noncommutative space were found. First 
we prove the following identity: 



min(kj) , 

k 



£ rlP T ): N™- :, (A. 1) 



where N = XliLi 1 x i@i is the number operator and the symbol :: has the usual meaning of normal ordering with all 
Xj coming to the left with respect to all eV The variables Xi and 9, satisfy the ordinary Heisenberg algebra 

[d u x j ] = 5 ij , i,j = l,...,N-l. (A. 2) 

The proof of (|A. 1[) will be done by induction. For the base of induction we have : N :: N :— Xidi + XiXjdidj —: N : 
+ : N 2 : and this is exactly what we get from (|A. ip by taking I = k = 1. For the step of induction, we assume that 
(|A. ip holds for some generic I, k and consider the expression : N k :: N l+1 : . It can be transformed by using the 
identity 



: N k : Xi =Xi : N k : +kx l : N 



k-l 



and with the help of this identity we proceed as follows: 

N-l 



N k .. N l+1 ._ ^ ( Xi : N k : +kxi : N k ~ 1 :) : N k : d t 
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N-l min(k,l) , . , . N—l mm(fc-l.i) . . , . 

i=l r=0 V / V / j = x r= V / \ / 

min(k,l) . . . . mi«(fc-l,i) > . > v 

- E rl(J)Q:^-:+* g H^; 1 )^):^-:. (A. 3) 



If we take /c < I and change the summation index, after rearranging the sums, we get 



k+l+l-r 



k 



r=l 



N^-.+^n C) + C-l) -- Nk+l+1 - r --= E HHr;):^:, (A.4) 



min(fe,i+l) 



r=0 



fc\ /Z + 1 



which is the identity (|A. lj) for I —* I + 1. The analogous procedure can be carried out for I < k and also for the 
expression : iV fc+1 :: N l : leading to the same conclusion, which completes the proof. 
With the help of the identity (|A. 1|) we can now prove the following important relation: 

: e NA :: e NB :=: e ^+B+AB) ^ ^ 5) 

which is the identity for the normally ordered exponentials and A, B are arbitrary operators commuting with the 
number operator N. We proceed as follows: 

oo oo 1 oo oo min(k,l) . . , . 

:e ,. ::e , B:=EE _l_ : ^ ::Arfc: ^ fe = EE _^ E H( )r):iV^:^ 

/=0 fc=0 ' ' z=o fc=0 ' ' r=0 



oo s min{k,s — k) 

= VV V t ; tt^ : iV s ~' r : A s ~ k B k , (A. 6) 

^ ^ t-~< ( s - k - r)\ rUk - r)\ 

s=0 k=0 r=0 y J \ J 

where in the last line we have skipped to the new summation variable s = k + 1. To accomodate for the upper bound 
of the 3rd sum in the last line of (|A. 6|) , we split the above expression into two parts 

• e NA •• e NB ^ I \ " \ " . ATS-r . AS-k-ok , \ " \ " ' . ATS~r . AS—kr>k 



El \ "* \ " 1 1 . nrs-r . AS-k jyk, \ "* \ " 1 1 . N s-r . As-k ok 

^ (a - k - r)l rl(k - r)\ ' ' ^ ^ (s - k - r)\ rUk - r)\ ' 



El \ "* \ " 1 1 . jys-r . As-k r>k , \ "* 1 1 . ats — r . As-k Tjk 

\^ ^ (s - k - r)\ r\(k - r)\ ' ' ^ ^ fa - fc - r)l rlfife - r)! ' 



00 L 2 J s — 7' 



=EEE ( ,_ t ._ ,.), Hit _ r)! : JY " r : (a-i 

s=0 r=0 fc=r v I \ ) 

with the symbol [ ] denoting the lowest integer. Under the agreement that the terms with negative integers in factorials 
drop out, the region of summation in (|A. 7[) can be extended to include s as the upper bound in the last two sums 
of (|A. 7[) . The expression (|A. 7\ now becomes 



j.j m 00 m+r . j 

1 1 . N s- r . ^s-k B k _ : iV : y^ y^ 1 m - ^m+r-fcgfe 

^ ^ ^ (s - k - r)\ r\(k - r)\ * ' ^ ml ^ ^ (m - k)l r\(k - r)\ 
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= E E E 7 — - — - T ^ 7 A m -'- Q s a (Ai?) r . (a. 8) 

m ] A^/A^ (m-r-a)\r\a\ 

m=0 r=Oa=0 v ' 

Here, in the first step we have made the change of the summation variable as s = r + m and then, in the second 
step (the second line of (|A. 8[l ) we skip to the summation variable a = k — r. Note that in the expressions (|A. 8p 
it is understood that the terms with factorials whose arguments are negative drop out. Making use of this fact, the 
upper bound of the r-summation in (|A. 8| can be reduced to to, (for r > to, the corresponding terms drop out 
anyway) which finally gives 

: e NA :: e NB := V V V m - , , - A™-™ B a (AB) r 

^ to! ^ ^ (to - r - a)!r!a! 

m=0 r=0 a=0 v ' 

■ vi . Arm . 

= yj^_ , A + B + AB \™ =. e N(A+B+AB) (A Q) 

^— ' ml 

m—0 

where, in the transition between the first and the second line, we have utilized the multinomial expansion 

n n n J 

{a + b + c) n =Y Y y ,"• r a ni 6 n2 c" 3 . (A. 10) 

m—0 712=0 77.3=0 

ni+7i 2 +n 3 — n 

Finally, it remains to prove the relation 

;=o P =o F ' y Fh 1=0 
It can be again done by induction. From (|A. we see that the coefficients c;,fc are defined as 

While the base of the induction is trivial, for the step of induction we have 

k k r -| 

N k+1 = N ■ N k ^^c^k : N :: N l :=yci, k : N l+1 : +1 : N l : , (A. 13) 

where use has been made of the identity (IA. ip . In order to complete the step of induction, the expression (|A. 13[) 
should be equal to Y^,i=o c i,k+i '■ N l :, which implies that the following recursive relations have to be satisfied: 

Cfc+i,fc+i = c k:k = c ,o = 1, c . k = for k ^ 0, 

c/,fe+i = c/_i,fc +1 c ltk , k>0. (A. 14) 

The coefficients ([A. 12[) are easily shown to satisfy the recursions (|A. 14[) and this completes the proof of the relation 

Now, (|A. HP can be inverted to obtain 

: N k := kl(^\ (A. 15) 



Using the above identity, we have for an arbitrary operator /, commuting with the number operator N 

eNf : = E Ti : N " : f" = E (Tjf k = ( 1 + ff = e Wln(1+/) = e NF , (A. 16) 

k=0 ' k=0 ^ ' 

where / = e F — 1. That is, we have 

:e me F -D :=e NF_ (A1?) 
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Appendix B. DERIVATION OF SOME USEFUL IDENTITIES II 

In this section we prove that the relation 

ip(A w )limf(u)g(t) = Jim y{A u +A t )f{u)g{t) (B. 1) 

holds. We begin with 

V {A W ) Urn f(u)g(t) =^^U (<a)*^(/(») fl (»)) 



^ 1 / <9 fc \ fe A / fc \ d m /H c> fc ' m g H _ ^ ^ (»a) fc f 0*V \ (k\d m f{w)d k - m g{w) 



(B. 2) 

From the other side, we have 

Jim <p(A u + A t ).f(u)g(t) = Jim £ - * fc (4, + A t ) fe /W. 9 W 

i-no (->•«, fe=0 a - VOl^u + /If J / A u +A t =0 



A u +A t =0 m=0 



and this is identical with (|B. 2[) , which completes the proof. 
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